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Abstract
In this work we show that the Riemann hypothesis for the Dedekind
zeta–function ζK(s) of an algebraic number field K is equivalent to a
problem of the rate of convergence of certain discrete measures defined
arithmetically on the multiplicative group of positive real numbers to
the measure ζK(2)
−1κqdq, where κ denotes the residue of ζK(s) at
s = 1 and dq the Lebesgue measure.
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1 Introduction
Let ϕ(n) = n
∏
p|n(1 −
1
p
) be the Euler’s totient function, which counts the
cardinality of the group of units of the ring Z/nZ, as well as the number of
positive integers which are lesser or equal to n, and relatively prime to n.
The average of this arithmetic function is given by a well–known result due
to Mertens ([8]):
Φ(x) =
∑
n≤x
ϕ(n) =
3
π2
x2 + E(x) =
3
π2
x2 +O(x log x).
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The logarithmic term of this result has subsequently been enhanced by many
authors (see e.g. [12] and the references therein). On the other hand, the
connection of Φ(x) and its asymptotic behavior to the Riemann zeta–function
has been inaugurated in work of Franel and Landau on Farey sequences
([4, 5]).
Let R+ = {q ∈ R | q > 0} be the multiplicative group of positive real
numbers. Recall that as a topological Abelian group, R+ has a Haar measure
dq
q
, where dq is the Lebesgue measure on R+. The measure m = ζ(2)
−1qdq =
6
π2
qdq, where ζ(s) denotes the Riemann zeta–function, is absolutely contin-
uous with respect to Haar measure. For each q ∈ R+, define the infinite
measure, mq : C
0
c (R+)→ C, by the formula
mq(f) =
∞∑
n=1
qϕ(n)f(q
1
2n).
Let ℓ ≥ 0 be an integer or infinity. We denote by Cℓc(R+) the set of complex
valued functions defined on R+ of class C
ℓ with compact support and also
by C(R+) the set of continuous complex valued functions on R+.
We have the following outstanding results due to A. Verjovsky (cf. [19]):
from Merten’s theorem, for any f ∈ C0c (R+), we have
mq(f) = m(f) + Ef(q) = m(f) +O(q
1/2 log q),
as q → 0, which implies that the measures mq converge vaguely to m as
q → 0. In addition, if f ∈ C2c (R+), then Ef(q) = o(q
1
2 ), and the Riemann hy-
pothesis holds if and only if for every f ∈ C2c (R+) one has Ef(q) = o(q
3/4−ǫ),
for all 0 < ǫ < 1/4 (q → 0). Furthermore, if f is the characteristic function
of an interval then the exponent 1/2 of q in the error term is optimal, i.e. for
any α > 1
2
, the value of qαEf(q) is not bounded as q goes to zero. Last but
not least, there exists a continuous function F of bounded support such that
the exponent 1/2 of q in the error term EF is optimal (in the sense above) if
and only if the Riemann hypothesis is false in the strongest possible sense:
there exist zeroes of Riemann’s zeta–function arbitrarly close to the critical
line ℜ(s) = 1.
It is worth noticing that these outcomes do not disproof the Riemann hy-
pothesis because characteristic functions are not even continuous. However,
these results put in evidence the fact that the Riemann hypothesis is also a
regularity problem: the Riemann-Lebesgue theorem for any function given
by the restriction of ζ(s−1)/sζ(s) to vertical lines on the critical strip (which
are not necessarily in L1) implies that the Riemann hypothesis is false.
The measures mq and their connection to the Riemann hypothesis were
discovered by Verjovsky in the beautiful article [18] (see also [2] and [12]),
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as a consequence of studying geometrically the work of Don Zagier [20] and
P. Sarnak [14], which respectively relate the distribution of the long closed
horocycles, in the classical modular orbifold and, respectively, its unit tangent
bundle, to the Riemann hypothesis.
The purpose of this article is to investigate Verjovsky’s results in the case
of a general algebraic number field K of degree n = [K : Q] > 1. It may
be noted that in [3], the author set up a generalization of Zagier’s criterion
for an algebraic number field K and show that the Riemann hypothesis for
the Dedekind zeta–function ζK(s) is equivalent to a problem of the rate of
convergence of certain generalized horocycle measures on the Hilbert modular
orbifold of the field K to its normalized Haar measure. In addition, the
connection of the uniform distribution of the long closed horospheres on
Bianchi modular orbifolds with the measures studied here has already been
the subject of many works (see the recent survey [13] and the references
therein).
Let us state our conclusions. Let K be an algebraic number field of degree
n > 1, over Q. Denote by o = oK , the ring of integers of K. We usually denote
by the letters a, b, . . . integral ideals of o and by p a prime integral ideal. Let
ζK(s) the Dedekind zeta–function of the algebraic number field K and by
κ = κK, the residue of ζK(s) at s = 1. The Extended Riemann hypothesis
for ζK(s) states that all of its non trivial zeros are in the line ℜ(s) =
1
2
. The
Extended Lindelo¨f hypothesis states that ζK(
1
2
+ it) = O(tǫ) for all ǫ > 0.
The Extended Riemann hypothesis for ζK(s) implies the Extended Lindelo¨f
hypothesis for ζK(s).
For each integral ideal n define the Euler’s totient function of the field K,
ϕK(n), as the cardinality of the group of invertible elements of o/n, i.e.
ϕK(n) = |(o/n)
∗| = N(n)
∏
p|n
(1−
1
N(p)
),
where
N(n) := [o : n] = |o/n|
is the ideal norm of the integral ideal n. Notice that ϕK(n) counts the number
of principal integral ideals which are relatively prime to n, and whose ideal
norm are lesser or equal to the ideal norm of n. For each q ∈ R+, define the
infinite measure, mq(f) : C
0
c (R+)→ C by the formula
mq(f) =
∑
n⊂o
qϕK(n)f(q
1
2N(n)), (1)
where the sum is taken over the set of all integral ideals of o. Additionally,
let m be the measure given by m = κ
ζK(2)
qdq.
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Denote by ⌊x⌋ the floor function on R. The following results encompass
our achievements.
Theorem 1.1. (A) For all f ∈ C0c (R+) we have
mq(f) = m(f) +O(q
1
2n log q), (q → 0).
Moreover, if the Lindelo¨f hypothesis for the Dedekind zeta–function
ζK(s) holds, then for all f ∈ C
0
c (R+) we have
mq(f) = m(f) +O(q
1/4−ǫ log q) (q → 0)
for all 0 < ǫ < 1/4. Furthermore, if the hypothesis on the generalized
circle problem for K holds, i.e. the number of integral ideals with norm
less than x is equal to κx+O(x
1
2
− 1
2n
+ǫ) (for all 0 < ǫ), then
mq(f) = m(f) +O(q
1
4
+ 1
2n
−ǫ log q), (q → 0),
for all 0 < ǫ < 1
4
+ 1
4n
.
(B) If f ∈ Cℓc(R+) with ⌊
n
2
⌋ + 2 ≤ ℓ ≤ ∞, then
mq(f) = m(f) + o(q
1
2 ), (q → 0).
(C) The Riemann hypothesis for the Dedekind zeta–function ζK(s) holds if
and only if for every function f ∈ Cℓc(R+) with n + 1 ≤ ℓ ≤ ∞, one
has
mq(f) = m(f) + o(q
3/4−ǫ), (q → 0)
for all 0 < ǫ < 1/4. Furthermore, if α ∈ (1/2, 3/4) is such that, for all
functions f ∈ Cℓc(R
r
+) with n+ 1 ≤ ℓ ≤ ∞, one has
mq(f) = m(f) + o(q
α−ǫ), (q → 0), (2)
for all 0 < ǫ < 1 − α, then the Dedekind zeta–function has no zeroes
in the half–plane ℜ(s) > 2(1− α). Contrariwise, if the Dedekind zeta–
function has no zeroes in the half–plane ℜ(s) > 2(1− α), then, for all
functions f ∈ Cℓc(R+) with n + 1 ≤ ℓ ≤ ∞, equation (2) holds for all
0 < ǫ < 1− α.
(D) If f is the characteristic function of an interval, then
lim sup
q→0
q−α |mq(f)−m(f)| =∞, (if α > 1/2).
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(E) Let the function F ∈ C(R+), with support in (0, 1], be defined by
F (t) =
{
(1− t)⌊
n
2
⌋+1 for ≤ 1,
0 for t > 1.
Then:
mq(F ) = m(F ) + o(q
1/2) (q → 0),
and,
lim sup
q→0
q−α |mq(F )−m(F )| =∞ (for all α > 1/2)
if and only if the Riemann hypothesis for the Dedekind zeta–function
is false in the strongest possible sense: there exist zeroes of Dedekind’s
zeta–function arbitrarily close to the critical line ℜ(s) = 1.
(F) Let the function F ∈ C(R+), with support in (0, 1], be defined by
F (t) =
{
(1− t)n for ≤ 1,
0 for t > 1.
Then:
mq(F ) = m(F ) + o(q
1/2), (q → 0),
and,
lim sup
q→0
q−α |mq(F )−m(F )| =∞
for all α > 1/2+θ with 0 ≤ θ < 1
4
, if and only if the Riemann hypothesis
for the Dedekind zeta–function is false in the sense that there exist
zeroes of Dedekind’s zeta–function arbitrary close to the line ℜ(s) =
1− 2θ.
This manuscript is arranged as follows. In Section 2 the theory of the
Dedekind zeta–function is given. In Section 3, the method of the Mellin
transform of the measures q−1mq and its analytical properties is presented.
In Section 4 we state a generalization of Mertens’ theorem and proof our
statements.
2 Preliminaries on algebraic number fields
In this section, the theory of the relevant arithmetic functions over an alge-
braic number field is presented. We quote the classical books [11], [6], and
[10], for a more comprehensive introduction to the arithmetic of algebraic
number fields.
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2.1 The Dedekind zeta function.
The Dedekind zeta–function of the algebraic number field K is defined by
the Dirichlet series:
ζK(s) =
∑
a⊂o
1
N(a)s
, (ℜ(s) > 1),
where the sum is taken over all integral ideals of o. The series which defines
ζK(s) is absolutely convergent for ℜ(s) > 1, and uniformly convergent in
ℜ(s) > 1 + ǫ, for any positive ǫ. Hence it is a holomorphic function on the
half–plane ℜ(s) > 0. Additionally, we have the Euler product
ζK(s) =
∏
p
(1−N(p)−s)−1, (ℜ(s) > 1),
where the product is taken over all prime integral ideals of o. The com-
pleted Dedekind zeta-function is defined by ζK(s) = Λ(s)ζK(s), where as in
[6], Λ(s) = 2−r2sD
s
2π−
ns
2 Γ
(
s
2
)r1 Γ(s)r2. By a theorem of Hecke, ξK(s) has a
meromorphic continuation to the whole complex plane with only two sample
poles at s = 0, 1 and it satisfies the functional equation
ξK(s) = ξK(1− s).
Remark 2.1. The class number formula asserts that the residue κ = κK, of
the Dedekind zeta function ζK(s) at s = 1 is given by
κ = Ress=1ζK(s) =
2r(2π)r2hR
ω
√
|D|
,
where r1, r2, ω, h,R, and D are, respectively, the number of real places, the
number of complex places, the number of complex root of unity, the class
number, the discriminant, and the regulator, of the algebraic number field K.
2.1.1 The Dedekind zeta function and its relation with the Mo¨bius
function an Euler’s totient function
Let µK be the Mo¨bius function of K, which is defined by
µK(a) =


1 if a = o,
(−1)k if the ideal is the product of k distinct prime ideals,
0 otherwise.
The Mo¨bius function is multiplicative and satisfies the properties:
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1. ∑
d|a
µK(d) =
{
1 if a = o,
0 if a 6= o.
2.
ϕK(n) =
∑
d|n
µK(d)N(
n
d
).
Then, by the theory of Dirichlet series, we have the following formulae:
1.
1
ζK(s)
=
∑
a⊂o
µ(a)
N(a)s
, for ℜ(s) > 1.
2.
ζK(s− 1)
ζK(s)
=
∑
a⊂o
ϕK(a)
N(a)s
, for ℜ(s) > 1.
Remark 2.2. The function
φK(s) :=
ζK(2s− 1)
ζK(2s)
will be of greatest importance as it governs many properties of the Mellin
transform of q−1mq.
2.1.2 The Phragme´n–Lindelo¨f function of ζK(s)
Let us recall the following facts about the order of growth of ζK(s) along
vertical lines. For each real number σ we define a number νK(σ) as the lower
bound of the numbers l ≥ 0 such that
ζK(σ + it) = O(|t|
l) as |t| → ∞.
Then νK(s) has the following properties (see e.g. [6, p. 266]):
1. νK is continuous, non-increasing, and never negative.
2. νK is convex downwards in the sense that the curve y = νK(σ) has no
points above the chord joining any two of its points.
3. νK(σ) = 0 if σ ≥ 1 and νK(σ) = n(
1
2
− σ) if σ ≤ 0.
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The function νK(σ) is sometimes called the Phragme´n–Lindelo¨f function of
ζK(s). The Extended Lindelo¨f hypothesis for ζK(s) states that νK(
1
2
) = 0,
viz., for any ǫ > 0,
ζK(
1
2
+ it) = O(tǫ) as |t| → ∞.
A classical result, essentially due to Littlewood ([7]), asserts that the
Riemann hypothesis for ζK(s) implies that the Lindelo¨f hypothesis for ζK(s)
holds (cf. [17, p. 337] and [6, p. 267]). Explicitly, under the Extended
Riemann hypothesis, for any ǫ > 0
ζK(s) = O(t
ǫ) and ζK(s)
−1 = O(tǫ), (3)
for s = σ + it, σ > 1
2
as |t| → ∞.
Remark 2.3. From the identity
1
ζK(s)
=
∑
a⊂o
µ(a)
N(a)s
, (ℜ(s) > 1),
it follows that 1
ζK(s)
is uniformly bounded on half–planes of the form ℜ(s) >
1+ǫ, for any ǫ > 0. Moreover, from the Landau prime ideal theorem, 1/ζK(s)
is a holomorphic function on the half–plane ℜ(s) ≥ 1, and for any ǫ > 0, we
have
1
ζK(σ + it)
= O(tǫ), (σ ≥ 1).
3 A Mellin transform method
In this section we define the Mellin transform of the measures mq and state
its analytical properties (see [19, 14, 3] and the book [1] ).
Let ℓ be a non negative integer or infinity. For each f ∈ Cℓc(R+) consider
the Mellin transform of mq(f)q
−1:
M(f, s) :=
∫ ∞
0
mq(f)q
s−1dq
q
(ℜ(s) > 1). (4)
Proposition 3.1. Given f ∈ Cℓc(R+) with 0 ≤ ℓ ≤ ∞ the integral defining
M(f, s) converges absolutely in the half–plane ℜ(s) > 1 and uniformly in
strips of the form 1 < σ0 ≤ ℜ(s) ≤ σ1 <∞. Hence it defines a holomorphic
function in the half–plane ℜ(s) > 1.
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Proof. For any f ∈ C0c (R+) write ‖f‖∞ = supq∈R+{|f(q)|}. Then, since
mi(f, q) ≤ ‖f‖∞, for ℜ(s) > 1 :
|Mi(f, s)| ≤ ‖f‖∞
(
Tσ−1
σ − 1
)
,
where σ = ℜ(s) and T is a value depending on f such that f(q) = 0 for
q > T . Therefore, we have absolute convergence in ℜ(s) > 1 and uniform
convergence in strips of the form 1 < σ0 ≤ ℜ(s) ≤ σ1 <∞.
Combining the definitions of the measures mq(f) (Eq. (1)) and the Mellin
transform (Eq. (4)), we get (if ℜ(s) > 1):
M(f, s) =
∫ ∞
0
(∑
a⊂o
qϕK(a)f
(
q
1
2N(a)
))
qs−2
dq
q
=
∑
a⊂o
ϕK(a)
∫ ∞
0
f
(
q
1
2N(a)
)
qs−1
dq
q
=
∑
a⊂o
2
ϕK(a)
N(a)2s
∫ ∞
0
f(q)q2s−1dq,
where the last equality follows by changing the variable: q′ = q1/2N(a).
Then, for f ∈ C0c (R+) and ℜ(s) > 1, we have
Mf(s) = 2
ζK(2s− 1)
ζK(2s)
∫ ∞
0
f(q)q2s−1dq. (5)
Since the integral in the last expression represents an holomorphic func-
tion on the whole complex plane for any continuous function f with compact
support, the Mellin transform Mf(s) has the same properties of
2φK(s) = 2
ζK(2s− 1)
ζK(2s)
.
Explicitly, Mf(s) has a meromorphic continuation to the whole complex
plane that is regular for ℜ(s) ≥ 1
2
except, possibly, for a simple pole at s = 1
with residue
Ress=1(Mf(s)) =
κ
ζK(2)
∫ ∞
0
f(q)qdq.
Furthermore, the Riemann hypothesis for the Dedekind zeta–function ζK(s)
holds if and only if for all f ∈ C0c (R+) the function Mf(s) is regular for
ℜ(s) > 1/4 except, possibly, for a simple pole at s = 1 with residue given as
above.
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Remark 3.2. The modified function
M⋆(f, s) = Λ(2s− 1)ζK(2s)M(f, s) = ξK(2s− 1)
∫ ∞
0
f(q)q2s−1dq
has a holomorphic continuation to the whole complex plane except, possibly,
for simple poles at s = 0, 1 and satisfies the functional equation
M⋆(f, s) =M⋆(f, 1− s).
Lemma 3.3. If f ∈ Cℓc(R+) with 0 ≤ ℓ < ∞. Then, there exists t0 > 0,
independent of f , such that
|Mf(σ + it)| ≤
βf t
n
2
+ǫ
(1 + |t|)ℓ
for t > t0, ǫ > 0,
and 1/2 ≤ σ ≤ 2, where βf is a constant depending on the first l derivatives
of f .
Proof. From Equation (5), we have
Mf(s) = 2ζK(2s)
−1ζK(2s− 1)
∫
R+
q2s−1f(q)dq.
Then, integrating by parts we obtain:
Mf(s) =
2ζK(2s)
−1ζK(2s− 1)(−1)
ℓ
2s(2s+ 1) · · · (2s+ ℓ− 1)
∫
R+
q2s+ℓ−1f (ℓ)(q)dq.
Let T > 0 be such that suppf ⊂ { q ∈ R+ | q ≤ T }. Thus,
Mf(s) =
2ζK(2s)
−1ζK(2s− 1)(−1)
ℓ
2s(2s+ 1) · · · (2s+ ℓ− 1)
∫ T
0
q2s+ℓ−1f (ℓ)(q)dq.
Notice that∣∣∣∣
∫ T
0
q2s+ℓ−1f (ℓ)(q)dq
∣∣∣∣ ≤ ∥∥f (ℓ)∥∥∞ T 2σ+ℓ2σ + ℓ, (s = σ + it).
Then there exists a constant βf depending only on the first l derivatives of
f such that we can bound the absolute value of the Mellin transformMf(s)
over the vertical band 1/2 ≤ ℜ(s) ≤ 2 by βf times the absolute value of
2ζK(2s)
−1ζK(2s− 1)(−1)
ℓ
2s(2s+ 1) · · · (2s+ ℓ− 1)
.
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On the other hand, form the properties of the Phragme´n–Lindelo¨f func-
tion of the Dedekind zeta function, if ǫ > 0,
ζK(2s− 1) = O(t
n
2
+ǫ), (s = σ + it),
uniformly on 1/2 ≤ ℜ(s) ≤ 2. In addition, if 1/2 ≤ ℜ(s), ζK(2s)
−1 = O(1).
Therefore, for all ǫ > 0, we have
φK(σ + it) = O(|t|
n/2+ǫ),
as |t| → ∞, which implies that M(σ + it) = O(|t|n/2−ℓ+ǫ), uniformly in
1/2 ≤ σ ≤ 2. This proves our claim.
Lemma 3.4. If the Riemann hypothesis for the Dedekind zeta function ζK(s)
holds and f ∈ Cℓc(R+) with n + 1 ≤ ℓ ≤ ∞, then for every 0 < ǫ <
1
4
, there
exists t0 > 0 such that
|Mf(σ + it)| ≤
βf(ǫ)
(1 + |t|)1+ǫ
, for t > t0,
for all 1
4
+ ǫ ≤ σ ≤ 2. Here βf (ǫ) is a constant depending on ǫ and a finite
number of derivatives of f .
Proof. First, we estimate φK(s) = ζK(2s)
−1ζK(2s− 1) in the region
1
4
+ ǫ ≤
ℜ(s) ≤ 2, under the assumption of the Riemann hypothesis for the Dedekind
zeta function ζK(s). Since this implies that ζK(2s)
−1 = O(t(2n−1)ǫ) and we
already have ζK(2s − 1) = O(t
n(1−2ǫ)), both uniformly in 1
4
+ ǫ ≤ ℜ(s) ≤ 2,
it follows that φK(s) = O(t
n(1−ǫ)), uniformly in 1
4
+ ǫ ≤ ℜ(s) ≤ 2. Now
we can integrate by parts as in Lemma 3.3 to see that f ∈ Cℓc(R+) with
n + 1 ≤ ℓ ≤ ∞ ensures that,
|Mf(σ + it)| = O
(
(1 + |t|)−(1+ǫ)
)
, (|t| → ∞),
uniformly in 1
4
+ ǫ ≤ σ ≤ 2. This proves the assertion of our lemma.
Remark 3.5. Denote by Cℓc(R+)
⋆ the topological dual of Cℓc(R+). The func-
tion M : {ℜ(s) > 1} → Cℓc(R+)
⋆, given by
s 7→
∫ ∞
0
mq(·)q
s−2dq, (ℜ(s) > 1),
defines a weakly holomorphic function. For every s such that ℜ(s) > 1,M(s)
defines an infinite measure on R+. When ℓ = ∞, M(s) defines a holomor-
phic function whose values are distributions of finite order. The analytic
continuation of M(s) to the whole complex plane is a weakly meromorphic
function with values in the distribution space of R+ (see [14, 19, 12]).
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4 Uniform distribution of discrete measures
In this section we prove our statements. We start by proving a generalization
of Mertens’ theorem. For a very general statement on visible lattice points
over an algebraic number fields see [15].
Lemma 4.1. 1. For any ideal fractional ideal d and every x > 1, we have∑
N(n)≤x
d|n
N(n/d) =
κ
2
(
x
N(d)
)2
+O
(( x
N(d)
)2− 1
n
)
.
2. If the Lindelo¨f hypothesis holds, for any ideal fractional ideal d and
every x > 1, we have∑
N(n)≤x
d|n
N(n/d) =
κ
2
(
x
N(d)
)2
+O
(( x
N(d)
) 3
2
+ǫ
)
.
3. If N(x) =
∑
N(n)≤x
n⊂o
1 = κx + O(x
1
2
− 1
2n
+ǫ) for any positive ǫ, then for
x > 1 and ǫ > 0 we have∑
N(n)≤x
d|n
N(n/d) =
κ
2
(
x
N(d)
)2
+O
(( x
N(d)
) 3
2
− 1
2n
+ǫ
)
.
Proof. First, if N(x) = |n ⊂ o | N(n) ≤ x}|, it is known that (see e.g. [9]),
N(x) =
∑
N(n)≤x
n⊂o
1 = κx+O
(
x1−1/n
)
.
Therefore, for any integral ideal d, we have∑
N(n)≤x
d|n
N(n/d) =
∑
N(n′)≤x/N(d)
n′⊂o
N(n′)
≤
∫ x
N(d)
1
N(t)dt
=
∫ x
N(d)
1
κt +O
(
t1−1/n
)
dt
=
κ
2
(
x
N(d)
)2
+
∫ x
N(d)
1
O
(
t1−1/n
)
dt
=
κ
2
(
x
N(d)
)2
+O
(( x
N(d)
)2− 1
n
)
.
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Now, if the Lindelo¨f hypothesis holds, it follows that (see [16] and [6] pp.271),
for any positive ǫ,
N(x) =
∑
N(n)≤x
n⊂o
1 = κx+O
(
x
1
2
+ǫ
)
.
Hence ∑
N(n)≤x
d|n
N(n/d) =
κ
2
(
x
N(d)
)2
+
∫ x
N(d)
1
O
(
t
1
2
+ǫ
)
dt
=
κ
2
(
x
N(d)
)2
+O
(( x
N(d)
) 3
2
+ǫ
)
.
Finally, if N(x) =
∑
N(n)≤x
n⊂o
1 = κx +O(x
1
2
− 1
2n
+ǫ) for any positive ǫ, then for
x > 1 and ǫ > 0 we have
∑
N(n)≤x
d|n
N(n/d) =
κ
2
(
x
N(d)
)2
+O
(( x
N(d)
) 3
2
− 1
2n
+ǫ
)
.
For a real number x ≥ 1, define
ΦK(x) =
∑
N(a)≤x
ϕK(a). (6)
A general version of Mertens’ theorem is the content of the following propo-
sition.
Proposition 4.2. 1. For x > 1 we have
ΦK(x) =
κ
2ζK(2)
x2 +O(x2−1/n log x).
2. If the Extended Lindelo¨f hypothesis is true, for x > 1 and ǫ > 0 we
have
ΦK(x) =
κ
2ζK(2)
x2 +O(x
3
2
+ǫ log x).
3. If N(x) =
∑
N(n)≤x
n⊂o
1 = κx + O(x
1
2
− 1
2n
+ǫ log x) for any positive ǫ, then
for x > 1 and ǫ > 0 we have
ΦK(x) =
κ
2ζK(2)
x2 +O(x
3
2
− 1
2n
+ǫ log x).
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Proof. First, from the relation of the Euler totient function and the Mo¨bius
function of K,
ΦK(x) =
∑
N(a)≤x
∑
d|a
µK(d)N(
a
d
)
=
∑
d⊂o
N(d)≤x
µK(d)

 ∑
N(a)≤x
d|a
N(a)
N(d)

 .
Since the series
1
ζK(2)
=
∑
d⊂o
µ(d)
N(d)2
is convergent, from Lemma 4.1, one gets
ΦK(x) =
∑
d⊂o
N(d)≤x
µ(d)f(d)
=
κ
2
∑
d⊂o
N(d)≤x
µ(d)
N(d)2
x2 +O

x2−1/n ∑
N(d)≤x
1
N(d)2−1/n


=
κ
2
∑
d⊂o
µ(d)
N(d)2
x2 +O
(
x2−1/n
∫ x
1
t1−
1
n
t2−1/n
dt
)
=
κ
2ζK(2)
x2 +O(x2−1/n log x).
Now, if the Extended Lindelo¨f hypothesis is true, for x > 1 and ǫ > 0 we
have
ΦK(x) =
κ
2ζK(2)
+O
(
x
3
2
+ǫ
∫ x
1
t
1
2
+ǫ
t
3
2
+ǫ
dt
)
=
κ
2ζK(2)
x2 +O(x
3
2
+ǫ log x)
Finally, if N(x) =
∑
N(n)≤x
n⊂o
1 = κx +O(x
1
2
− 1
2n
+ǫ) for any positive ǫ, then for
x > 1 and ǫ > 0 we have
ΦK(x) =
κ
2ζK(2)
+O
(
x
3
2
− 1
2n
+ǫ log x
)
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4.1 Proof of Theorem A
Let f = χ[a,b] be the characteristic function of the interval [a, b], where 0 <
a < b. From the generalized Mertens’ theorem (Proposition 4.2), we have
mq(f) =
∑
aq−
1
2≤N(n)≤bq−
1
2
qϕK(n)
=
κ
2ζK(2)
(b2 − a2) +O(q
1
2n log q)
=
κ
ζK(2)
∫
R+
uf(u)du+O(q
1
2n log q)
The last two statements can be proved similarly, using Proposition 4.2.
4.2 Proof of Theorem B
Let us show that the critical exponent of q in the error term is 1
2
when con-
sidering characteristic functions of intervals. This result follows immediately
from the next observation originally discovered by A. Verjovsky in [18, 19].
Lemma 4.3. For all α > 1 we have
lim sup xα
∣∣∣∣ΦK(x)x2 − κ2ζK(2)
∣∣∣∣ =∞.
Proof. In order that we might derive a contradiction suppose that for some
α > 1 the result of our lemma fails. Then there is a c > 0 and a function
bα(x), depending on α, such that |bα(x)| < c for 0 < x and such that
ΦK(x)
x2
−
κ
2ζK(2)
=
bα(x)
xα
.
Notice that, for all x > 0 we have
ΦK(x+ 1)
(x+ 1)2
=
ΦK(x)x
2
x2(x+ 1)2
+
ϕK(⌊x+ 1⌋)
(x+ 1)2
,
so that we are able to ponder to consecutive values of bα with
L(x) = bα(x)
x2
(x+ 1)2
− bα(x+ 1)
(
x
x+ 1
)α
.
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Clearly, this is a bounded expression and
L(x) = xα
(
ΦK(x)
(x+ 1)2
−
κx2
2ζK(2)(x+ 1)2
)
− xα(
ΦK(x)
(x+ 1)2
+
ϕK(⌊x+ 1⌋)
(x+ 1)2
−
κ
2ζK(2)
)
= xα
(
κ
2ζK(2)
2x+ 1
(x+ 1)2
−
ϕK(⌊x+ 1⌋)
(x+ 1)2
)
.
However, if x+ 1 is restricted to taking only values of prime integral ideals,
so that
ϕK(x+ 1) = |{n ⊂ o | N(n) ≤ x}|
= κx+O(x1−
1
n ),
then L(x) is unbounded. This contradiction completes the proof of our
lemma.
4.3 Proof of Theorem C
The Mellin transformMf(s) ofmq(f)q
−1 is holomorphic for ℜ(s) ≥ 1
2
except,
possibly, for a simple pole at s = 1 with residue
m(f) =
κ
ζK(2)
∫
R+
qf(q)dq.
From Proposition 3.1, the Mellin inversion formula applies, and we have
mq(f) =
1
2πi
∫ b+i∞
b−i∞
Mf(s)q
1−sds, (7)
for any real number b > 1. If f ∈ Cℓc(R+) with ⌊
n
2
⌋ + 2 ≤ ℓ ≤ ∞, then by
the estimates of Lemma 3.3 and the Cauchy residue theorem, we can shift
the path of integration in equation (7) to the line σ = 1
2
to get
mq(f) = m(f) +
1
2π
∫ ∞
−∞
Mf(
1
2
+ it)q
1
2 q−itdt.
Now, because Mf(
1
2
+ it) is integrable (w.r.t. dt), the Riemann–Lebesgue
theorem implies
lim
q→0
∣∣∣∣
∫ ∞
−∞
Mf(
1
2
+ it)qitdt
∣∣∣∣ = 0
Therefore,
mq(f) = m(f) + o(q
1/2) (q → 0).
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4.4 Proof of Theorem D
Suppose that for all f ∈ C∞c (R+), we have the following bound:
mq(f) = m(f) +O(q
3/4−ǫ) (q → 0)
for all 0 < ǫ < 1/4 and write mq(f) = m(f) + Ef (q). Let T be sufficiently
large such that mq(f) = 0 for q > T. Then,
Mf(s) =
∫ T
0
mq(f)q
s−2dq
=
∫ T
0
(m(f) + Ef(q))q
s−2dq
=
m(f)Ts−1
s− 1
+
∫ T
0
Ef (q)q
s−2dq.
Since a(q) = O(q
3
4
−ǫ) as q → 0, the last integral converges absolutely and
uniformly in the half-plane ℜ(s) > 1
4
+ ǫ, it defines a holomorphic function
in that half-plane. Therefore, Mf(s) is a holomorphic function in the region
ℜ(s) > 1
4
+ ǫ except, possibly, for a pole at s = 1 with residue m(f). Thus,
the Riemann hypothesis for the Dedekind zeta–function ζK(s) is true.
Conversely, suppose the Riemann hypothesis for the Dedekind zeta func-
tion holds. Then, ζK(2s) does not vanish for ℜ(s) > 1/4 and Mf(s) is
holomorphic for ℜ(s) > 1/4 except, possibly, for a simple pole at s = 1 with
residue m(f). Moreover, from Lemma 3.4, the integral of Mf(s)q
1−s exists
over the boundary of the band 1
4
+ ǫ ≤ σ ≤ 2, for all 0 < ǫ < 1/4. Hence the
Mellin inversion formula and the Cauchy’s residue theorem implies
mq(f) = Ress=1(Mf(s)) +
1
2π
∫ ∞
−∞
Mf(
1
4
+ ǫ+ it)q−itq
3
4
−ǫdt.
Again, by the Riemann–Lebesgue theorem:
mq(f) = m(f) + o(q
3
4
−ǫ), (q → 0).
4.5 Proof of Theorems E and F
For any integer r ≥ 1, let Fr ∈ C(R+) be defined by
Fr(t) =
{
(1− t)r for ≤ 1,
0 for t > 1.
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Then the Mellin transform of MF (s) is given by
MFr(s) =
ζK(2s− 1)
ζK(2s)
∫ 1
0
(1− t)rt2s−1dt.
Since the last integral is given by the Beta function
B(r + 1, 2s) =
Γ(r + 1)Γ(2s)
Γ(2s+ r + 1)
,
it follows that
MFr(s) =
ζK(2s− 1)Γ(r + 1)
ζK(2s)
∏r
k=0(2s+ k)
.
Hence the only poles of MF (s) in the half-plane ℜ(s) > 0 are located at
the zeroes of ζK(2s), since 2s(2s + 1) · · · (2s + r) does not vanish in that
half–plane.
Let F = F⌊n
2
⌋+1 be the function given in Theorem (E). Notice that
MF (σ + it) = O(
1
(1+|t|)1+
1
4
), uniformly in the vertical strip 1
2
≤ σ ≤ 2,
because φK(σ + it) = O(t
n
2
+ǫ) uniformly in that vertical strip, for any ǫ > 0.
Then we are able to shift the vertical line of integration in Mellin’s inver-
sion formula to the vertical line ℜ(s) = 1
2
, to apply the Riemann–Lebesgue
theorem, and to obtain the error term EF = o(q
1
2 ). This proofs the first
assertions of theorems (E) and (F).
Now suppose:
lim sup
q→0
q−α |mq(F )−m(F )| =∞ (for all α > 1/2)
Let β be the supremum of the real parts of the zeroes of the Dedekind
zeta–function and suppose that β < 1. Here notice that, for sufficiently
small 0 < ǫ < 1
4n
, φK(σ + it) = O(t
n( 1
2
−ǫ)+ǫ′) uniformly in the vertical strip
1
2
− ǫ ≤ σ ≤ 2, for any ǫ′ > 0, which implies that MF (σ+ it) = O(
1
(1+|t|)1+
1
4
)
uniformly in the vertical strip 1
2
−ǫ ≤ σ ≤ 2, for sufficiently small 0 < ǫ < 1
4n
.
Then we are able to shift the vertical line of integration in Mellin’s inversion
formula to the vertical line ℜ(s) = 1
2
− ǫ, to apply the Riemann–Lebesgue
theorem, and to improved the exponent α of the error term EF = o(q
α) to
be 1
2
+ ǫ, for some sufficiently small 0 < ǫ < 1
4n
. This contradiction proofs
the second assertion of Theorem (E).
In order to prove Theorem (F) consider the function F = Fn given in
Theorem (E) and suppose:
lim sup
q→0
q−α |mq(F )−m(F )| =∞,
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for all α > 1/2 + θ with 0 ≤ θ < 1
4
. Let 0 ≤ θ < 1
4
be fixed and suppose
that the supremum of the real parts of the zeroes of the Dedekind zeta–
function satisfies β < 1 − 2θ. In this case, for sufficiently small 0 < ǫ < 1
4n
,
φK(σ + it) = O(t
n) uniformly in the vertical strip 1
2
− θ − ǫ ≤ σ ≤ 2,
which implies thatMF (σ+ it) = O(
1
(1+|t|)1+
1
2
), uniformly in the vertical strip
1
2
− θ − ǫ ≤ σ ≤ 2, for sufficiently small 0 < ǫ < 1
4
− θ. Hence we are able
to shift the vertical line of integration in Mellin’s inversion formula to the
vertical line ℜ(s) = 1
2
−θ−ǫ, for any 0 < ǫ < 1/4−θ, to apply the Riemann–
Lebesgue theorem, and to improved the exponent α of q in the error term
EF = o(q
α) to be 1
2
+ θ+ ǫ, for some sufficiently small 0 < ǫ < 1/4− θ. This
contradiction proofs the second assertion of Theorem (F).
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